Constant innovations of fiber technology over the last twenty years has fueled a huge improvement of the performances of fiber lasers. Further power scaling of fiber lasers is currently hindered by the phenomenon of transverse mode instabilities, a sudden deterioration of output beam quality occurring beyond a certain power threshold due to energy transfer from the fiber fundamental mode to high-order modes. Several studies have pinpointed a thermal origin for this phenomenon. A possible solution is to implement fiber designs capable of providing a robust single-mode operation even under severe heat load, in order to prevent such coupling. In this paper the effects on the propagating modes of the change of the inner cladding size and microstructuration in double-cladding photonic crystal fibers under heating condition are discussed, and related to field confinement and single-mode regime.
INTRODUCTION
High power lasers and amplifiers have seen an exponential growth of their performances in the last few years, fueled by intensive academic and industrial research. [1] [2] [3] The output power of CW near-diffraction limited fiber lasers has been increasing by a factor 1.5 per year over the last two decades, and it is currently exceeding 20 kW in commercial systems. 4 Loosening the restrictions on beam quality, fiber sources delivering more than 100 kW output power have recently become commercially available. 5 A lot of academic interest has been devoted also to pulsed fiber lasers. Several regimes have been targeted with remarkable results, such as the capability to emit pulses shorter than 10 ns with energy exceeding 33 mJ, 6 or 60 ns long, 26 mJ pulses with average power of 130 W. 7 The development of chirped pulse amplification technique allowed important achievements also in the ultrashort pulse regime, where fiber lasers still struggle in the competition with other solid-state sources, such as the generation of sub-500 fs pulses with mJ energy and 22 GW peak power. 8 Most of these achievements have been possible thanks to constant innovations in the Yb-doped fiber technology. In particular, Double-Cladding Photonic Crystal Fibers (DC-PCFs) have been one of the key enabling factors for this improvement, being able to tackle the fundamental challenge of providing a sufficient amount of pump power combined with large effective area for the signal to avoid the onset of nonlinear effects, while maintaining robust Single-Mode (SM) operation, which is required to preserve laser beam quality.
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Currently, the most limiting factor to further power scaling is the sudden appearance of intensity fluctuations and beam pointing drifts when fiber lasers operate beyond a certain power threshold. 9, 11, 12 This phenomenon, usually referred as Transverse Mode Instability (TMI), is caused by an energy transfer from the Fundamental Mode (FM) to some High-Order Modes (HOMs), mediated by thermo-optic effect. Quantum defect and probably, as recently reported, photodarkening, 13 generate heat in the fiber core, which leads to significant thermal lensing. As a consequence, the originally single-mode waveguide becomes able to support strongly confined high-order modes, which will eventually drain power from the FM through the stimulated thermal Rayleigh scattering Ensuring that the fiber is able to provide strong delocalization of the HOMs even under severe heat load would be an effective way to push the TMI threshold to higher levels. A number of DC-PCFs with microstructured cladding designed to this aim have been developed so far, exploiting the flexibility of the stack-and-draw fabrication process. [16] [17] [18] [19] While several remarkable works have reported of complex and often elegant numerical models to explain the interaction between guided modes in the amplification process, 11, 14, [20] [21] [22] which leads to TMI, not as much attention has been paid to the analysis of the change of the modal properties of the fibers as the heat load increases, which is obviously strongly related with the fiber design itself. In this paper, a full-vector modal solver based on the finite-element method with embedded thermal model has been applied to study the combined effect of heat load and DC-PCF inner cladding size and microstructuration on the fiber modes.
MODELING OF LMA DC-PCFS
The cross-sections of the fibers that will be simulated throughout the paper, that are a Large-Pitch Fiber (LPF) and Symmetry-Free PCF (SF-PCF), are shown in Fig. 1 air-cladding, whose diameter d AC has been changed in the simulations between 15Λ and 21Λ. A full-vector modal solver based on the finite-element method has been used to solve the steady-state heat equation to obtain the thermally-induced refractive index change over the cross-section 24, 25 and, then, to calculate the guided modes at a wavelength of 1032 nm. Quantum defect heating of the core and convective cooling at the outer edge cause a temperature gradient along the cross-section, which is responsible for the creation of a refractive index profile with maximum in the core center, parabolic shape in the core and logarithmic decay in the cladding. 26 As a consequence, the original fiber index contrast is increased proportionally to the heat load and propagation of HOMs is favored. The complete list of parameters used in the thermal model is reported in Table 1 . 150 modes have been calculated for each simulations and the FM and first HOM, whose normalized electric field distributions on the transverse plane are shown in Fig. 2 , have been tracked throughout the values of heat load in the considered range. While simulations provide, especially at high heat load, several well-confined modes, it was chosen to track only the first LP 11 -like one, because of two main reasons: 1) it has the highest degree of confinement with the core among all the HOMs when the fiber is strongly heated; 2) investigations done so far seem to confirm that the LP 11 -like modes are the main cause in TMI.
RESULTS
Due to the presence of the air-cladding, several hundreds of modes are actually strongly confined in doublecladding PCFs. Only a small subset of them is actually relevant for the amplification process, that is those with a significant overlap with the doped core. In fact, the other modes are either not excited or poorly amplified and their impact on the output beam quality is negligible. The refractive index change due to quantum defect and thermo-optic effect causes an increase of the core NA and significantly alters the shape of the modes. Core-guided modes akin to the LP νμ families of step-index fibers become more and more confined as the heat load increases, and modes mainly located in the inner cladding may couple, for certain heat load ranges, with them, generating hybrid modes with strong overlap with the doped area. 27, 28 The effective index of all the modes increase with q, with a typical slope, for this Λ value, in the range of 0.5 · 10 −5 m/W − 1 · 10 −5 m/W, implying that a change of a few W/m in heat load has a very strong effect on mode effective index. Fig. 3(a)-(d) show the effective index difference Δn ef f between the FM (solid black line), LP 11 -like HOM (dashed line) and the other solutions calculated for the LPF fiber as a function of the heat load, for air-clad diameter of 15Λ, 17Λ, 19Λ, 21Λ, respectively. The more the modes are confined in the core, the more their effective index increases with heat load. As a consequence, all the curves in Fig. 3 (a) -(d) have a negative slope, being the FM the most confined mode and the one whose effective index increases faster. As much as the other modes become confined due to stronger thermal lensing, their reaction to the increase of q gets similar to the one of FM, and so does the effective index change with heat load. As a consequence, the curves in Fig. 3 
(a)-(d) flatten for high values of q.
In general, all the four graphs can be read in a similar way. Most of the solutions (grey points in Fig. 3 ) stay in a packed "cloud" where both cladding and poorly-confined core modes are mixed, being the first set predominant in number. This condition is analogous to high-order mode cut-off of standard PCFs, [29] [30] [31] with the difference that the presence of the air-cladding prevents leakage of the field and might allow certain modes to have a significant overlap with the core even when their effective index is below the one of several cladding modes. As q increases, guided modes gradually emerge from this cloud as distinct Δn curves, whose slope decreases to almost horizontal lines under strong heat load. The FM, plotted with solid black line, is almost always clearly separated from other modes and well confined, while the first HOM is very close or even mixed in the cladding mode cloud and its field is not well confined for low q values. Effectively SM propagation is thereby achieved in this region. Two main effects occur when d AC value is increased. On one side, the effective indexes of the solutions get closer, and the cloud of cladding modes more dense. Furthermore, the average Δn ef f decrease in absolute value, resulting in a broader range of q values where the HOM sinks among cladding modes, such as in Fig. 3(d) . For comparison, Fig. 4(a)-(d) shows the Δn ef f between the FM, LP 11 -like HOM and the other solutions calculated for the SF-PCF fiber, for air-clad diameter of 15Λ, 17Λ, 19Λ, 21Λ, respectively. Most of the properties already described for the LPF are still present, and the general trend related to the increase of air-cladding diameter is the same. The most important difference is that, for the same value of d AC , the cladding modes of the SF-PCF have a higher effective index than those on the LPF, worsening the confinement of the FM and HOM at low heat load and, on the plus side, allowing suppression of the HOM at higher power levels. Notice that this effect might also be influenced on the different number and relative size of the inner-cladding air-holes.
To further investigate the relation between the effective index change and mode reconfinement, Fig. 5(a)-(b) show the overlap integral of the most relevant modes of the LPF and SF-PCF respectively, with d AC = 17Λ. By comparing the curves in Fig. 5 (a) with 3(b), it is clear that, when the effective index of the first LP 11 -like HOM falls into the cladding mode cloud, that is for q below 15 W/m, its overlap with the doped area is very small, lower than 0.2, revealing a very poor confinement. As the heat load increases, the effective index of the mode becomes significantly higher than the one of cladding modes, and the overlap quickly increases. Notice that, as already pointed out in literature, 32 when no or a little heat is considered, the HOM with the highest overlap is a mode akin to the LP 31 family, whose overlap is also comparable to the one of LP 11 -like mode at any value of q. This feature is probably favored by the symmetry of the fiber cross-section, which has the same six-fold rotational periodicity of the LP 31 mode. The same trend is shown in Fig. 5(b) for the SF-PFC, with two major differences. First, the LP 31 -like mode is no longer relevant, thanks to the breaking of the C 6ν symmetry of the cross-section -. Moreover, LP 11 -like HOM requires a larger q value to be confined, pushing the effective SM capability to higher heat load.
CONCLUSION
A numerical study of the combined effect of inner cladding size and microstructuration and heating on the modes of double-cladding PCFs has been presented. Simulation results have shown how the interaction between core and cladding modes affects the confinement of the former, and how the change of the air cladding diameter can be exploited to provide suppression of the first HOM at higher heat load. 
